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1 Schwartz’s Reflection Principle and Harnack’s Principle

1.1 Schwartz’s reflection principle

Lemma 1.1 (Schwartz’s reflection principle). Let v(z) be harmonic in DN {z : y > 0},
and suppose that limy o0 v(x + iy) = 0. Then v extends to be harmonic on all of D by
reflection:

is harmonic on ID.

Proof. The mean value property implies V' is harmonic; for points on the boundary, the
contribution of the upper and lower arcs to the integral cancel out. ]

Definition 1.1. Let |Omega be a domain in C and let v C 9Q. ~ is a free boundary
arc if

1. v={¥(t) : t € (0,1)}, where ¢ : D — Q is a homeomorphism.

2. v C 09, and
pE€y = 30 >0s.t. B(p(d) NI =~nNB(p,0d).

Definition 1.2. v is an analytic arc if for open U C C with (0,1) C U, ¢ : U — C,
~v = 1(0,1), where 1 is analytic, 1-1 and onto ¥ (U).

Assume 7 is a free boundary arc on a domain Q. Now split U = UTUU~U(0, 1), where
U* are connected components of U \ (0, 1).

If p(U)NQis Pp(UT) or (U™), we say that v is a one-sided analytic boundary arc.
Otherwise, if P(U)NQ = »(UT)Uyp(U™), we say that v is a two—sided analytic boundary
arc.

Definition 1.3. Let ¢ : Q — Q. Then ¢ is proper if for z, — 9Q, ©(z,) — .



Lemma 1.2. Suppose ¢ : Q — Q is a homeomorphism. Then ¢ is proper.

Proof. If not, for some subsequence, ¢(z,;) = w € Q. Then z,;, — ¢ € U~1(U). O

Theorem 1.1. Assume ) is a simply connected domain and 7y is a one-sided analytic arc
on OQ. Let U,y(U) be as above. Let ¢ : Q — D be conformal. Then ¢ extends to a 1-1
holomorphic map @ : QU Y(U) — C such that |¢(z)| =1 on v, and

|(2)| > 1 <= ze(u)\N

Proof. Without loss of generality,Q2 N(U) =y (UT) and ¢~1(0) ¢ (u). Consider v(u) =
—log|e(¥(2))| for z € UT. Then v(z) — 0 as z — (0, 1) since  is proper. So there exists
V harmonic on U, and V = Re(F) ,where F € H(U). We can say that F(z) = e#°¥(20)
for some 29 € U™ (since F is defined up to a constant). Let

I R on
T\ Foy! on (U).

Then ¢ is analytic and has the desired properties. O

1.2 Harnack’s principle

Lemma 1.3. Let u be a positive harmonic function on an open set U O B(zg, R). Let
|z — 20| =7 <R. Then

R - R

u(z0) < U(2) < o ulzo).
Proof. By a change of variables and the Poisson integral formula,

1 R? —r? 0
u(z) = 27r/ Ret? — (2 Pu(zo + Re'”)d6.

Use the M-L estimate. The maximum and the minimum of the kernel (R? — r?)/|Re? —
(z — 20)|? are (R+7)/(R—7r) and (R—71)/(R+7). O

Theorem 1.2 (Harnack’s prinicple). Let €, be a sequence of domains and let uy, : Oy — R
be harmonic. Let §) also be a domain. Assume that:

1. If K C Q is compact, then there exists nx such that K C ), forn > ny.

2. If K C Q is compact, there exists n1(K) such that if n > ny(K), then upt1 > uy on
K.

Then either

1. u, — +o0o uniformly on K for all compact K C 2.

2. there exists a harmonic function u on Q such that u, — w uniformly on all compact

K CqQ.
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